Abstract. This article analyzes directed lattice paths, when a boundary reflecting or absorbing condition is added to the classical models. The lattice paths are characterized by two time-independent sets of rules (also called steps) which have a privileged direction of increase and are therefore essentially one-dimensional objects. Depending on the spatial coordinate, one of the two sets of rules applies, namely one for altitude 0 and one for altitude bigger than 0. The abscissa y = 0 thus acts as a border which either absorbs or reflects steps. The absorption model corresponds to the model analyzed by Banderier and Flajolet ("Analytic combinatorics of directed lattice paths"), while the reflecting model leads to a more complicated situation. We show how the generating functions are then modified: the kernel method strikes again but here it unfortunately does not give a nice product formula. This makes the analysis more challenging, and, in the case of Łukasiewicz walks, we give the asymptotics for the number of excursions, arches and meanders. Limit laws for the number of returns to 0 of excursions are given. We also compute the limit laws of the final altitude of meanders. The full analytic situation is more complicated than the Banderier-Flajolet model (partly because new "critical compositions" appear, forcing us to introduce new key quantities, like the drift at 0), and we quantify to what extent the global drift, and the drift at 0 play a role in the "universal" behavior of such walks.
Introduction
In Brownian motion theory, many possible boundary conditions for a Brownian-like process have been considered (e.g. absorption, killed Brownian motion, reflected Brownian motion... see Feller (1954) ). Solving a stochastic differential equation with a reflecting boundary condition is known as the Skorokhod problem (see Skorokhod (1962) ). Such models appear e.g. in queueing theory (see Kingman (1962) ). In this article, we want to investigate properties of a discrete equivalent of such models, namely directed lattice paths in Z 2 , having a reflecting boundary at y = 0. If one considers lattice paths which are "killed" or "absorbed" at y = 0, then this is equivalent to the model analyzed in Banderier and Flajolet (2002) . In what follows, we want to compare the basic properties (exact enumeration, asymptotics, limit laws) of these two discrete models (absorption versus reflection). In particular, we will consider the Łukasiewicz paths (defined hereafter), which are present in numerous fields like analysis of algorithms, combinatorics, language theory, probability theory and biology. This broad applicability is due to a bijection with simple families of trees, see e.g. Meir and Moon (1978 enumerative and analytic properties of such lattice paths were considered in Banderier and Gittenberger (2006) where limit laws for the area beneath Łukasiewicz paths are derived, and also in Brak et al. (2011) where they are used to model polymers in chemistry, or e.g. in Banderier and Nicodème (2010) , which tackles the problem of enumeration and asymptotics of such walks of bounded height.
Our key tools will be the kernel method and analytic combinatorics (see Flajolet and Sedgewick (2009) ). However, as we will see, the situation is more complicated in the case of a reflecting boundary: first, bad luck, one does not have a nice product formula for the generating function anymore (unlike the absorption model), second, the drift still plays a key role, but also does a "second" drift at 0, and last but not least, several simultaneous singular behaviors can happen. We first begin with a few definitions: Definition 1.1: A step set S ⊂ Z 2 , is a finite set of vectors {(a 1 , b 1 ), . . . , (a m , b m )}. An n-step lattice path or walk is a sequence of vectors v = (v 1 , . . . , v n ), such that v j is in S. Geometrically, it is a set of points ω = (ω 0 , ω 1 , . . . , ω n ) where ω i ∈ Z 2 , ω 0 = (0, 0) and ω i − ω i−1 = v i for i = 1, . . . , n. The elements of S are called steps or jumps. The length |ω| of a lattice path is its number n of jumps. ♦ ending anywhere ending at 0
Tab. 1: The four types of paths: walks, bridges, meanders and excursions.
We restrict our attention to directed paths which are defined by the fact that for (a, b) ∈ S one must have a > 0. However, we will focus only on the subclass of simple paths, where every element in the step set S is of the form (1, b). In other words, these walks constantly move one step to the right, thus they are essentially unidimensional objects. We introduce the abbreviation S = {b 1 , . . . , b n } in this case. A Łukasiewicz path is a simple path where its associated step set S is a subset of {−1, 0, 1, . . .} and −1 ∈ S. Definition 1.2: For a given step set S = {s 1 , . . . , s m }, we define the respective system of weights as {w 1 , . . . , w m } with w j > 0 the associated weight to step s j for j = 1, . . . , m. The weight of a path is defined as the product of the weights of its individual steps. ♦ This article mainly builds on the work done in Banderier and Flajolet (2002) . Therein, the class of directed lattice paths in Z 2 (under the absorption model) was investigated thoroughly by means of analytic combinatorics (see Flajolet and Sedgewick (2009) ). First, in Section 2, the reflection-absorption model and the general framework are introduced. The needed bivariate generating function is defined and the governing functional equation is derived and solved: here the "kernel method" plays the most significant role in order to obtain the generating function (as typical for many combinatorial objects which are recursively defined with a "catalytic parameter", see Bousquet-Mélou and Jehanne (2006) ). In Section 3, we turn our attention to Łukasiewicz paths, and the asymptotic number of excursions is given. In Section 4, the limit laws for the number of returns to zero of excursions are derived. In Section 5, we establish the asymptotics of meanders. Section 6 gives the asymptotics for the expected final altitude of meanders.
Generating functions
Let us consider directed walks on N 2 , with a weighted step set S, starting at the origin, confined to the upper half plane, and which have another weighted step set S 0 on the boundary y = 0. All such walks are called meanders, and the meanders ending on the abscissa are called excursions.
This walk model is thus encoded by two characteristic polynomials: P (u) and P 0 (u) are Laurent polynomials describing the allowed jumps when the walk is at altitude k > 0 or k = 0, respectively. We fix c, d, c 0 , d 0 ∈ N and introduce the following notations:
In order to exclude trivial cases we require p c , p d = 0. These weights are probabilities, which means p i , p 0,i ≥ 0 and P (1) = P 0 (1) = 1. These step polynomials characterize the reflection-absorption model: depending of the chosen weights, the boundary behaves like a reflecting or an absorbing wall. We talk about a reflection model if P ≥ 0 (u) = P 0 (u), while we talk about an absorption model if Tab. 2: Different constraints on the boundary y = 0 lead to different probabilistic models. We give the probabilities of Dyck paths of length 4 in the uniform, absolute value, reflection, and absorption model. From this table, one can already see one paradox associated to the reflection model: one may think that the "reflection" will make the walk go far away. However, this is in part counterbalanced by the fact that 0 has a "heavier" weight in this model (no loss of mass here, contrary to the absorption model). Accordingly, there will be some interplay between the boundary, the drift of the walk and the drift at 0. We quantify this in our next sections.
(i) Note that the absolute value and the reflection model are in general not equivalent if the jumps (with their weights) are not symmetric: Let P (u) = pu + qu −1 and P 0 (u) = p 0 u + q 0 u −1 , then the probability of this first path (which is 1/3 when p = q = 1/2 and p 0 = 1) is 1/(1 + q 0 /q + p 0 /p) in the absolute value model, while it is p/(1 + p) in the reflection model.
We define the generating function for our meanders to be
where the polynomials f n (u) describe the possible positions after n steps, and where F k (z) are the generating functions of walks starting at 0 and ending at altitude k.
Theorem 2.1 (Generating function for meanders and excursions) The bivariate generating function of meanders (where z marks size and u marks final altitude) in the reflection-absorption model is algebraic:
where r k is a Laurent polynomial given by r k (u) =
, where the u i 's are the roots of the equation 1 − zP (u) = 0, such that lim z→0 u i (z) = 0. The F k 's can be made explicit, e.g. the generating function for excursions is
where
Proof (Sketch): It is straightforward to derive a recurrence relation, by a step-by-step approach:
where {u >0 } extracts all the monomials of positive degree in u. This recurrence leads to the following functional equation
The main tool for solving the functional equation is the kernel method, which consists of binding z and u in such a way that the left hand side vanishes. From the theory of Newton-Puiseux expansions, we know that the kernel equation 1 − zP (u) = 0 has c + d distinct solutions, with c of them being called "small branches", as they map 0 to 0 and are in modulus smaller than the other d "large branches" which grow to infinity while approaching 0. We call the small branches u 1 , . . . , u c .
Inserting the c small branches into (5), we get a linear system of c equations in c unknowns F 0 , . . . , F c−1 :
The system is non-singular, as can be proven via the local behavior of the u i 's (and therefore of the r k (u j )'s) for z ∼ 0. Using Cramer's formula on this matrix does not give (directly) a nice formula ; it is better to use first column subtraction for the r k 's in the corresponding determinants, and then expanding with respect to the r 0 (u i ) column leads to a nicer formula for each F i via Vandermonde-like formulae. 2 Let us recall that the generating functions E(z) of the excursions in the absorption model of BanderierFlajolet (i.e., when P 0 (u) = P (u)) is given by E(z) = (−1) c+1 ( u i (z))/(zp −c ), see (Banderier and Flajolet, 2002, Equation (20) ). It is interesting to compare this simple formula with the more cumbersome formula that one gets for the generating functions E(z) of the excursions in our reflection-absorption model (coming from a rewriting of (2)):
In one sense, this formula quantifies to what extent the border "perturbs" the former E(z) to lead to our new E(z). We now investigate the analytic counterparts of this perturbation.
Asymptotics of excursions
From now on, we are going to work with aperiodic Łukasiewicz paths. By these, we understand paths with one jump of size 1 down and finitely but arbitrarily many jumps up. Aperiodic means that there is no p > 1 and there exists no polynomial
. Thus, the step polynomial is given as
Since c = 1, the linear system derived from (5) transforms into
We use the kernel equation 1 − zP (u 1 ) = 0 to derive the generating function of excursions:
This nice formula has a natural combinatorial interpretation as Seq zP
, an excursion (in the reflection model) is a sequence of arches (i.e., an excursion touching 0 just at its two ends), and each arch begins with a positive jump +k, which has to be compensated by k excursions (well, shifted excursions: from altitude j to altitude j, for j from 1 to k, thus not touching 0, and thus in bijection with excursions, counted by E(z) and defined above formula (6)) followed each by a −1 jump.
In (Banderier and Flajolet, 2002 , Equation (42)), it was shown that the principal branch u 1 (z) possesses the following asymptotic expansion for z → ρ − , where ρ is the structural radius defined as ρ = 1 P (τ ) and τ > 0 is the unique root of P (τ ) = 0 (note that P is a convex function):
As this expansion will appear repeatedly in the sequel, we define C := 2
. The singularities of (7) depend on the roots of the denominator and on the singular behavior of u 1 (z), that is why we need the following lemma:
Lemma 3.1 (Singularity of the denominator) Let u 1 (z) be the unique small branch of the kernel equation 1 − zP (u) = 0. Then the equation 1 − zP ≥ 0 (u 1 (z)) = 0 has at most one solution in z ∈ (0, ρ], which we denote by ρ 1 .
Proof: The functions u 1 (z) and P ≥ 0 (u) are increasing on [0, ρ) (see Banderier and Flajolet (2002) ). Figure 1 shows the three possible configurations. The naming convention is adopted from its use in functional composition schemes in (Flajolet and Sedgewick, 2009, Chapter VI.9) . Theorem 3.2 (Asymptotics of excursions) Let τ be the structural constant determined by P (τ ) = 0, τ > 0, let ρ = 1/P (τ ) be the structural radius and ρ 1 defined as in Lemma 3.1. Define the constants
, and κ = Cρ(P ≥ 0 ) (τ ). The excursions in the reflection-absorption model possess the following asymptotic expansion:
Proof (Sketch): We investigate E(z) by means of singularity analysis. Therefore, three different cases are distinguished as the dominant singularity depends on the singular behavior (as illustrated by Figure 1) . Then, the analysis of the corresponding Puiseux expansion yields the result. 2
Limit laws for the number of returns to zero
An arch is defined as an excursion of size > 0 whose only contact with the x-axis is at its end points. We denote the set of arches by A. Every excursion (set E) consists of a sequence of arches, i.e., E = SEQ(A). The symbolic method (see e.g. Flajolet and Sedgewick (2009) ) directly provides the functional equation
which is easily solved to give the generating function for arches A(z) = 1 − 1 E(z) . Proposition 4.1 (Asymptotics of arches) For a Łukasiewicz walk, the number of arches satisfies
Proof (Sketch):
, then by (7) we get for
A return to zero is a vertex of a path of altitude 0 whose abscissa is positive, i.e., the number of returns to zero is the number of times the abscissa is touched again after leaving the origin. In order to count the number of returns to zero of excursions of fixed size n, we can reverse the construction above for the generating function of arches. The generating function for excursions with exactly k returns to zero is equal to A(z) k . As stated in Banderier and Flajolet (2002) , for any fixed k, this function also has a singularity of the square root type and is amenable to singularity analysis. Hence, we are able to derive the probability P n,k that a random excursion of size n has exactly k returns to zero for any fixed k:
Let X n be the random variable for the number of arches among all excursions of size n. Note that X n also represents the returns to zero of a random excursion of size n.
Theorem 4.2 (Limit laws for returns to zero) Additionally to the previously used constants α, γ and κ, we define α 2 = (P
. The number X n of returns to zero of a random excursion of size n admits a limit distribution:
1. In the supercritical case, i.e., P (τ ) < P
converges in law to a Gaussian variable N (0, 1).
2. In the critical case, i.e., P (τ ) = P ≥ 0 (τ ), the normalized random variable
(X n − 1), converges in law to a Rayleigh distribution defined by the density xe
3. In the subcritical case, i.e., P (τ ) > P ≥ 0 (τ ), the limit distribution of X n − 1 is a discrete limit law, namely the negative binomial distribution NegBin(2, λ), with λ = ρ/ρ ≥ 0 :
A meander is the natural generalization of an excursion, as it is defined as a directed walk confined to the upper half plane. We want to investigate the number of meanders or equivalently the ratio of meanders among all walks. This is a way to measure the effect of removing the constraint of ending on the x-axis.
Theorem 5.1 (Asymptotics of meanders) Consider Łukasiewicz walks in the absorption model. The asymptotic behavior of the ratio of meanders of size n is given in Table 3 .
Tab. 3: Asymptotic ratio of meanders in the absorption model (P ≥ 0 (1) < 1) with the structural constant τ > 0, P (τ ) = 0, the structural radius ρ = 1/P (τ ) and the drift δ = P (1). The constant ρ1 is defined in Lemma 3.1, whereas γ and κ are given in Theorem 3.2. The two missing cases for δ = 0 are not possible in the absorption model.
Proof (Sketch):
From (5), we get the bivariate generating function for meanders as
Hence, the generating function M (z) for meanders is given by substituting u = 1 in (13):
An elementary simplification of the last factor gives
The asymptotics of the last term are known from Section 3. For the function
1−z , we use (9) and elementary singularity analysis, like (Flajolet and Sedgewick, 2009, Fig. VI.5 ). The result follows by distinguishing all different cases. 2
Remark 5.2: Formula (14) possesses a combinatorial interpretation: a walk can only be absorbed after hitting the x-boundary, and at this place the walk is thus an excursion. Let e n be the probability that a random walk of length n is an excursion. A walk survives with probability P ≥ 0 (1) and is killed with probability (1 − P ≥ 0 (1)). The probability m n+1 describing the number of meanders of length n + 1 among all walks of length n + 1 is given by all surviving walks of smaller length:
Final altitude of meanders
The final altitude of a path is defined as the ordinate of its endpoint.
Let X n be the random variable associated to the final altitude of all meanders of length n. It satisfies
where F (z, u) is the bivariate generating function for meanders from (13).
Theorem 6.1 (Final altitude of meanders) Consider the model of Łukasiewicz walks. Let τ be the structural constant determined by P (τ ) = 0, τ > 0, δ = P (1) be the drift and δ ≥ 0 = (P ≥ 0 ) (1) be the drift at 0. The limit laws and the asymptotics of the expected final altitude of meanders for the reflection model are given in Table 4 and the ones for the absorption model are given in Table 5 . 
Tab. 5: Asymptotics of E[Xn] in the absorption model (P ≥ 0 (1) < 1). The unfilled cases are not occurring under this model. We denote by Fu(ρ, 1) the limit z → ρ and u → 1 of the derivative of F (z, u) with respect to u. Note that in
the singularities at z = ρ cancel and the limit exists. Furthermore, we have r = Fu(ρ, 1) −
Proof (Sketch): Definition (16) leads to the following formula for the expected value:
Differentiating the Formula (13) for F (z, u) with respect to u yields
As a next step, we evaluate the [z n ]-operator term by term. Firstly, note that the quotient
(1−z) β appears twice with β = 1 and β = 2. We use (Flajolet and Sedgewick, 2009, Theorem VI.12) , which gives the asymptotics for two generating functions with different radii of convergence, and previous results for E like Theorem 3.2. Secondly, the following lemma gives the behavior of the composition P ≥ 0 (u 1 (z)): Lemma 6.2 (A Puiseux behavior lemma) Let P ≥ 0 be the non-negative part of P 0 , and u 1 be the small branch of the kernel equation in the Łukasiewicz case. Then
The computations of the asymptotics of the expected value are then finalized by considering that the denominator of (17) is either 1 in the reflection model or its asymptotics is given by Theorem 5.1 in the absorption model.
We now turn to the derivation of the underlying limit laws. Let u be a fixed positive real number in (0, 1). Then the dominant singularity of F (z, u) is either z = ρ, the singularity of E(z), or z = 1/P (u), the singularity of the denominator (compare (13)). Which one is the dominant one? This depends on the value of the drift δ:
• If the drift is negative the dominant singularity is found at z = ρ. By the "continuity theorem of discrete laws", Theorem IX.1 from Flajolet and Sedgewick (2009) , this leads to a discrete limit law.
• If the drift is zero the dominant singularity is at z = ρ = 1/P (1) = 1. In the reflection model, we show by the method of moment convergence the appearance of a half-normal distribution (see Wallner (To appear) for more on this distribution). In the absorption model, the application of the "semilarge powers theorem" (see Banderier et al. (2001) ), leads to a Rayleigh limit law, see also Drmota and Soria (1997) .
• If the drift is positive in the needed environment of u = 1, the dominant singularity is found at z = 1/P (u) (this is due to ρ > 1 in this case) and by the application of the "quasi-powers theorem" (Theorem IX.8 from Flajolet and Sedgewick (2009) ), this leads to a Gaussian limit law.
The special role of the drift and an intuition of the underlying limit laws can be obtained by considering the influence of the drift on the expected number of meanders in Theorem 5.1.
Conclusion
In this article, we investigated the generating functions of lattice paths on N with an absorbing or reflecting border at 0. To sum it up, our analysis of this reflection-absorption model can be divided into three parts. Firstly, we determined the general formula for the generating function by means of the kernel method. Secondly, we focused on Łukasiewicz walks (i.e., the family of lattice paths in bijection with trees), and derived asymptotic results on the number of meanders and excursions, by means of singularity analysis and transfer theorems from analytic combinatorics. Thirdly, we investigated the limit laws for the returns to zero and the final altitude by utilizing schemes on generating functions which yield the convergence of the underlying distributions. Therein, we applied the "continuity theorem of discrete laws" (Flajolet and Sedgewick, 2009 , Theorem IX.1), the "quasi-powers theorem" (Flajolet and Sedgewick, 2009, Theorem IX.8) , and the "semi-large powers theorem" Banderier et al. (2001) . Numerical values confirm our results (see figure below). .2, we proved that the number of returns to 0 follows asymptotically a Rayleigh limit law (in the subcritical case of the absorption model). Our figure shows a perfect fit between the plot of the theoretical Rayleigh density (in black) and the plot of the empirical distribution (in red) for Motzkin paths of length n = 2000. The tiny discrepancy around x = 2 is completely coherent with the error term, i.e., the speed of convergence, in O(1/ √ n).
The situation is more tricky than what happens for the classical "absorption model" of lattice paths considered in Banderier and Flajolet (2002) : one has to pay a price for introducing a more general model, as different cases (subcritical, critical and supercritical) have then to be distinguished and additional structural constants like δ ≥ 0 (the drift at 0) play a key role. Putting it all together, there arose 9 different cases for each model. Interestingly though, elementary considerations implied that some of these were impossible in the specific models (compare Table 4 and Table 5 where non-existing cases are marked by a hyphen). In the full version of this work, we give all details of the proofs omitted here (we say a word on matters of periodicity, and we extend the results to excursions, meanders, walks, bridges, arches, beyond the Łukasiewicz case, i.e., when the correspondence with trees do not hold anymore). In another work in preparation, we give the asymptotics for some other harder parameters (area, height).
